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Given a local ring R and n ideals whose sum is primary to the maximal ideal of
Ž .R, one may define a function which takes an n-tuple of exponents a , . . . , a to1 n
Ž .the length of Tor RI , . . . , RI . These functions are shown to have rationalk 1 n
generating functions in certain cases.  2002 Elsevier Science
In this paper we investigate functions
f  length Tor R M I a1 M , . . . , M I an M ,Ž .Ž .k k 1 1 1 n n n
Ž .where R is a noetherian local ring, M is a finitely generated R-modulei
and I an ideal of R, for 1 i n, and I  I  Ann Mi 1 n 1
 Ann M is primary to the maximal ideal of R.n
Special cases of these functions are interesting in their own right; see,
for example, the discussion below of HilbertKunz functions. It is also
hoped that a better understanding of these functions may lead to insights
into the theory of intersection multiplicities; for example, it seems reason-
able to attempt to calculate the intersection multiplicity of varieties
defined by ideals I and I using only properties of the function1 2
f a , a  length R I a1  I a2 ,Ž . Ž .Ž .0 1 2 1 2
although this has not yet proved possible. We are, however, able to
establish certain properties of the functions f in some generality. Ink
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particular, they are shown to have rational generating functions in the
following cases:
Ž .1 n 2, M M  R, k 2; or1 2
Ž .2 n 2, M M  R, k is arbitrary, R is regular, and1 2
a1 a2 a1 a2  I 	 I t t 
 R t , tŽ . 1 2 1 2 1 2
a , a 01 2
is a finitely generated R-algebra; or
Ž .  3 n is arbitrary, M   M  R, k 0, R K x , . . . , x1 n 1 d
Ž .K any field , and I , . . . , I are generated by monomials.1 n
1. BASIC DEFINITIONS
All rings are commutative, and local rings are in addition assumed to be
Noetherian.
DEFINITION 1.1. Given n modules M , . . . , M over a ring R, define1 n
RŽ .the R-module Tor M , . . . , M byk 1 n
Ž .1 choosing a projective resolution
  P  P  P  P M  0i , 3 i , 2 i , 1 i , 0 i
for each M ,i
Ž . Ž2 tensoring together all of these projective resolutions with the
.modules M removed and taking the total complex,i
  P   P  P   P 1, i n , i 1, i n , i1 n 1 n
Ž . Ž .i , . . . , i i , . . . , i1 n 1 n
Ý i 2 Ý i 1j j j j
 P   P  0,1, 0 n , 0
and
Ž .3 taking the k th homology of this complex.
This defines a functor, covariant in each of the n variables, which
specializes for n 2 to the usual Tor. It shares most of the basic
properties with the usual 2-variable Tor; for example.
Ž .1 A short exact sequence in any of the variables gives the usual
long exact sequence.
Ž .2 Any element of R that kills one of the M also killsi
Ž .Tor M , . . . , M .k 1 n
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Ž . RŽ .3 Tor M , . . . , M M   M .0 1 n 1 R R n
Ž . Ž .4 If all but one of the M is flat, then Tor M , . . . , M  0 for alli k 1 n
k 0.
Ž . Ž .5 If the M are all finitely generated over R, so is Tor M , . . . , M .i i 1 n
DEFINITION 1.2. Let R be a Noetherian ring, let n be a positive
integer, let M , . . . , M be finitely generated R-modules, and let I , . . . , I1 n 1 n
Ž . Ž .be ideals of R. Let J I  I Ann M  Ann M , and1 n R 1 R n
assume that RJ has finite length. For k a non-negative integer, define
f a , . . . , a  length Tor M I a1 M , . . . , M I ban M .Ž . Ž .Ž .k 1 n k 1 1 1 n n n
Ž a1 an .Note that the modules Tor M I M , . . . , M I M do have finitek 1 1 1 n n n
length, since they are finitely generated modules that are killed by the
ideal J I a1  I an Ann M  Ann M , and hence are finitely1 n 1 n
Žgenerated modules over RJ, which has finite length. This is because J
has the same radical as the ideal J above, and RJ is assumed to be finite
.length.
In this paper, the ring R will always be local, and the modules M , . . . , M1 n
will almost always be equal to R.
We conclude this section with some examples.
Ž .1 If n 1, then f is the usual Hilbert function and is eventually a0
polynomial of degree d dim R.
Ž .  2 In 2, 3 , Brown studies f in the case n 2 and M R; he calls0
 this function the Hilbert function of I and I . In 2 , he gives sufficient1 2
Žconditions for f to be eventually polynomial in other words, for there to0
Ž . Ž . Ž .exist b , b such that f a , a agrees with a polynomial for all a , a1 2 0 1 2 1 2
Ž ..   b , b . In 3 , he considers the case where f is eventually a polyno-1 2 0
Ž .mial in a , a , and min a , a . Both papers also provide several examples1 2 1 2
of such functions, including examples which show that f is not necessarily0
Ž .eventually a polynomial in a , a , and min a , a . He also provides1 2 1 2
counterexamples to a more general conjecture that f is eventually poly-0
nomial on regions bordered by parallel lines.
Ž .3 If M   M M, I , . . . , I are all principal ideals, and R1 N 1 n
has characteristic p, for p 0 a prime, then the function HK : aM , I
Ž a a.f p , . . . , p is called the HilbertKunz function on M of the ideal0
I I  I . The more standard definition is in terms of bracket1 n
powers,
 p e  p e I  i i I . 4Ž .
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Ž . Ž  p e  .With this notation, HK a  length MI M . Because R has char-M , I
acteristic p, I  p
e   I p e  I p e, which shows that HK is dependent1 n M , I
only on I and not on the choice of I , . . . , I .1 n
 Monsky has shown 15 that this function has the form
e M , I pd aO paŽd1. ,Ž . Ž .HK
Ž .where d dim M and e M, I is a positive real constant. The constantHK
Ž . Ž .e R, m may be written e R , and HK may be written HK andHK HK R , m R
called just the HilbertKunz function of R.
Ž .It is not even known in general whether e R is rational. However,HK
 many results have been proved in particular cases; see 4, 6, 10, 1518, 22 .
The HilbertKunz function also has an important connection with the
theory of tight closure. If I
 J are m-primary ideals of R, then I* J* if
Ž . Ž .and only if e R, I  e R, J . This statement is true when R is aHK HK
Ž complete local domain, and in somewhat more generality. See 13, Theo-
   .rem 8-17 , or see the more thorough discussion in 12 .
Ž .  4 In 7 , Contessa considers the generalization of the previous
situation to the case of arbitrary k. She is able to use results about the
higher Tors to determine the form of HilbertKunz functions of modules
over regular rings of dimension at most two.
2. QUASIPOLYNOMIAL FUNCTIONS
Given an n-graded module M having finite length in each graded
piece, there is a natural notion of a Hilbert function n given by
a , . . . , a  length M .Ž . Ž .1 n Ža , . . . , a .1 n
For n 1 this is the usual Hilbert function. We will see that certain
n Ž -graded algebraic objects including, for example, finitely generated
.modules over finitely generated algebras over fields have Hilbert func-
tions which have rational generating functions. In fact, these Hilbert
functions are quasipolynomial, a stronger condition. This fact will be used
to prove that in some cases the functions f are also quasipolynomial.k
Most of the results of this section are known, though not perhaps in the
 form we need them; see, for example, 14 .
Most of the functions considered here are defined on n. However, it
will be convenient to identify such functions with functions defined on all
of n that are zero for elements of n not in n.
DEFINITION 2.1. Given linearly independent vectors  , . . . ,  n,1 e
say that a function f : n  is periodic with respect to  , . . . ,  if the1 e
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Ž . Ž . nfunction  f    f  is identically zero on  , for any 1
  .e
DEFINITION 2.2. Given n and linearly independent vectors
 , . . . ,  n, the cone with ertex  generated by  , . . . ,  is1 e 1 e
C       
 n . ,  , . . . ,   0 1  0 e  01 e
Ž . Ž . aGiven x x , . . . , x and a a , . . . , a , x will be used in the1 n 1 n
following as a shorthand for x a1 x a2  x an.1 2 n
DEFINITION 2.3. Let  , . . . ,  n be linearly independent vectors1 e
in  n, and let  be another element of n. Let C C be the ,  , . . . , 1 e
cone with vertex  generated by  , . . . ,  . Call f : n  simple1 e
Ž .quasipolynomial of polynomial degree d on  ,  , . . . ,  if f x  0 for1 e
x C and
f x  c x xŽ . Ž .Ý 
n
for x C, where each c , considered as a function of x, is periodic with
Ž .respect to  , . . . ,  and is identically zero for all  a , . . . , a such1 e 1 n
that Ýa  d, and where there exists an  satisfying Ýa  d such thati i
Ž .c x , as a function of x, is not identically zero.
If  0, e n, and  , . . . ,  n are generators of the lattice n,1 e
Ž .then the functions c x do not depend on x, and the simple quasipolyno-
mials of polynomial degree d on  ,  , . . . ,  are exactly the integer-1 e
valued polynomials of degree d on n.
We use the term ‘‘polynomial degree’’ and not just ‘‘degree’’ because
there is also a second notion of degree:
DEFINITION 2.4. The cumulatie degree of a simple quasipolynomial of
polynomial degree d on  ,  , . . . ,  is d e.1 e
The cumulative degree will turn out to be the more useful number for
our purposes. It will also be convenient to allow simple quasipolynomial
functions of cumulative degree 0, defined as follows.
DEFINITION 2.5. A function f : n  is simple quasipolynomial of
cumulatie degree 0 if it is nonzero on at most a single element of n.
LEMMA 2.6. If f and f are both simple quasipolynomial functions on  ,1 2
 , . . . ,  , of cumulatie degree d and d , respectiely, then f  f is alsoe 1 2 1 2
simple quasipolynomial on  ,  , . . . ,  , of cumulatie degree at most1 e
Ž .max d , d .1 2
Proof. The proof is immediate from the definition of a simple
quasipolynomial function.
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DEFINITION 2.7. Given a function f : n , recall that the generating
 function of f is the power series F  x , . . . , x defined by1 n
F x  f  x .Ž . Ž .Ý
n
Ž . nLEMMA 2.8. Let F x , . . . , x be the generating function of f :   ,1 n
Ž n nfix  , and fix a linearly independent set of ectors  , . . . ,   .1 e
Suppose
1
F x , . . . , x Ž .1 n de  jjŁ 1 xŽ .j1
with Ýe d  d. Then f is the simple quasipolynomial function of cumulatiej1 j
degree d gien by
 d  1mj jŁ if a , . . . , a Ý m  ,Ž .j 1 n j j j mž /f a , . . . , a Ž . j1 n 
0 otherwise.
Proof. Given n, there is at most one way of writing  as an
-linear combination of  , . . . ,  . This means that the coefficient of x1 e
in F is nonzero if and only if  can be written as the -linear combination
of  , . . . ,  . If  is such an exponent, write Ým  . Then the1 e j j
coefficient of x  in F is the product of the coefficients of x m j j in
Ž  j.d j1 1 x , and it is easy to verify that these coefficients are just the
binomial coefficients given in the description of f above.
Ž .DEFINITION 2.9. Given a polynomial P x , . . . , x , define Supp P, the1 n
support of P, to be the set of all n such that the coefficient of x in
P is nonzero.
DEFINITION 2.10. Given linearly independent vectors  , . . . ,  n1 e
and another vector n, let
n     m  , 0m  1 .Ý ,  , . . . ,  i i i½ 51 e
i
Given any  C 	n, there is a unique representative of  ,  , . . . , 1 e
modulo  , . . . ,  in  ; in the following, we use  to denote that1 e  ,  , . . . , 1 e
unique representative.
Ž . nLEMMA 2.11. Let F x , . . . , x be the generating function of f :   ,1 n
fix n, and fix a linearly independent set of ectors  , . . . ,  n.1 e
Suppose
P
F x , . . . , x Ž .1 n de  jjŁ 1 xŽ .j1
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with Ýe d  d and Supp P
 . Write PÝ c x,j1 j  ,  , . . . ,   1 e
with each c   a constant. Then f is the simple quasipolynomial function of
cumulatie degree d gien by
d  1mj jf   c where   m  .Ž . Ł Ý j jž /mž /jj j
Proof. The generating function F can be written as the sum of the
fractions
c x
.de  jjŁ 1 xŽ .j1
The result then follows from the previous lemma.
LEMMA 2.12. Fix n, and fix linearly independent ectors  , . . . , 1 e
n. Then functions of the form
x
F x , . . . , x Ž .1 n de  jjŁ 1 xŽ .j1
with  , and Ýe d  d, form a -basis for the generat- ,  , . . . ,  j1 j1 e
ing functions of the simple quasipolynomial functions of cumulatie degree at
most d on  ,  , . . . ,  .1 e
Proof. This is a consequence of the previous lemma and of the fact that
the functions
d  1 aj ja , . . . , a  ,Ž . Ł1 e až /jj
Ž .with Ý d  1 at most d, form a basis over  for the polynomials ofj
Ž   .degree at most d. See, e.g., Theorem 11.1.12 of 5 .
Ž .It will prove useful in particular, in Theorem 2.25 to know something
about the restriction of a simple quasipolynomial function to a smaller
cone with different generators.
LEMMA 2.13. Let f be simple quasipolynomial on  ,  , . . . ,  of1 1 e
cumulatie degree d. Pick n and linearly independent   , . . . ,  1 e
such that
C C    C C . ,  , . . . ,   ,  , . . . , 1 e 1 e
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Ž . Ž .Define a new function f  such that f     for  C and f    0 for
  C. Then there exist positie integers m such that f  is simple quasipoly-i
nomial of cumulatie degree at most d on , m   , . . . , m   .1 1 e e
Proof. For each  , choose m such that m     .i i i i 1 e
Since f is simple quasipolynomial, we know that
f x  c x xŽ . Ž .Ý 
n
for x C, where c is periodic with respect to  , . . . ,  and is identi- 1 e
Ž .cally zero for all  a , . . . , a such that Ýa  d e. Since the c ’s are1 n i 
periodic with respect to  , . . . ,  , they are also periodic with respect to1 e
m   , . . . , m  . Therefore f  is also simple quasipolynomial. The bound1 1 e e
on the degrees of the terms x bounds the polynomial degree of f  above
by d e. The cumulative degree of f  is therefore at most d e e d.
The next definition, and the following theorem, make it possible to
reduce the proofs of theorems about quasipolynomial functions defined on
n to the n 1 case.
DEFINITION 2.14. Given a function f n, define a new function
f * by
f * a  f a , . . . , a .Ž . Ž .Ý 1 n
a  a a1 n
THEOREM 2.15. If f : n is simple quasipolynomial of cumulatie
degree d, then f *:  is also simple quasipolynomial of cumulatie degree
d.
Proof. Write F for the generating function associated with f , and write
Ž .F* for the generating function associated with f *. Then F* y 
Ž .F y, . . . , y . By Lemma 2.12, F has the form
P xŽ .
,de  jjŁ 1 xŽ .j1
Ž . Ž .so by substituting y, . . . , y for x , . . . , x  x, we see that F* has the1 n
form
P yŽ .
,de a jjŁ 1 yŽ .j1
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where by a we mean the sum of the coordinates of the vector  . Byj j
Lemma 2.12 again, this is the generating function of a quasipolynomial
function of cumulative degree at most d, so f * must be quasipolynomial of
cumulative degree at most d.
It remains only to show that the cumulative degree of f * is not less than
d. Let C,  ,  , . . . ,  , and the functions c be as in the definition of a1 e 
Ž .simple quasipolynomial function Definition 2.3 . Without loss of general-
ity we may assume that  0. Let *    , and let 1 e
   . We can also assume without loss of generality that1 e
Ž .  Ž .c x  0 for any x . Since c x is periodic with respect to 
 , . . . ,  , f may now be written in the form1 e
Ý c x for x f x Ž . ½ 0 for x ,
Ž .where the c ’s are constants not depending on x. Write p x for the
Ž . polynomial function p x Ý c x . Then 
f * a  f a , . . . , aŽ . Ž .Ý 1 n
a  a a1 n
 p a , . . . , a .Ž .Ý 1 n
a  a a1 n
Ž .a , . . . , a 1 n
Since f has cumulative degree d, p is a polynomial of degree d e. To
prove that f * has cumulative degree at least d, it will suffice to show that
f * is bounded below by a polynomial of degree d 1. Let p be thede
 d e degree part of p, and let f  p be the correspondingde de
Ž .polynomial degree d e part of f. It will suffice to show that f * isde
bounded below by a polynomial of degree d 1.
Ž . Ž . If p a , . . . , a were negative for some a , . . . , a  , then thede 1 n 1 n
polynomial function
a p aa , . . . , aa  p aa , . . . , aa  lower order termsŽ . Ž .1 n de 1 n
 p a , . . . , a ad  lower order termsŽ .de 1 n
would have a negative leading term, and p would eventually take on
Ž .negative values. In particular, since multiples of a , . . . , a are also1 n
contained in , p would take on negative values on . But this does
not happen, so p must be nonnegative on . It also cannot be thede
case that p is identically zero on . So p must be positive forde de
Ž . some  b , . . . , b  .1 n
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n Ž .Let 	 :   be the mapping defined by 	 a , . . . , a Ý a , and1 n i i
Ž . 1Ž .write b 	  . The subset of 	 b on which p is zero is a properde
1Ž .algebraic subset of 	 b , so one can find a positive real number c and
Ž . 1Ž . an n 1 -dimensional disk 

 	 b contained in the  -span of
Ž . , . . . ,  such that p   c for any  
. Note that any positive a1 e de
Ž . de Ž . de Ž . deand any  
, p a  a p   ca , so p   cade de de
for any  a
.
Now for any a,
f * a  p Ž . Ž . Ž .Ýde de
1 Ž .	 a 	
 p Ž .Ý de
a Ž . 
 	
b
dea
 cÝ ž /ba Ž . 
 	
b
dea a
 
 	 c ,ž / ž /ž /b b
a ŽŽ . .where the notation  
 	 is used to denote the number of
b
a Ž .members of the set 
 	 .
b
Ž . Therefore it suffices to show that the cardinality of the set a
 	 is
bounded below by a polynomial in a of degree e 1.
Note that the intersection of a
 with the  -span of the  ’s is dense 0 i
in a
. Therefore we can choose linearly independent   , . . . ,   in a
1 e
such that each   is a linear combination of the  ’s with coefficients ini i
 . Clear denominators, letting m be such that m  for all 0 i
i, and write  for m . Then , . . . , m
	, and the , . . . , i i 1 e 1 e
are linearly independent. Write  for the set of -linear combinations
 Ž .  Ž . of the  . Then clearly ma
 	 
 ma
 	 for any a, so iti
Ž . suffices to prove that ma
 	 is a polynomial of degree e 1 in a.
Ž .   4Finally, ma
 	 is exactly the set Ý a  Ý a  a , and thei i i i i
e 1 aŽ .cardinality of this set is , a polynomial of degree e 1.a
DEFINITION 2.16. A function f : n  is quasipolynomial of degree d
if it can be written as a finite sum of simple quasipolynomial functions of
cumulative degree at most d, and it cannot be written as a finite sum of
simple quasipolynomial functions of cumulative degree less than d.
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Sometimes we will say that a function f : n  is quasipolynomial on
 , . . . ,  n; by this we mean that f can be written as a finite sum of1 e
simple quasipolynomial functions on subsets of  , . . . ,  .1 e
Note that this definition does not agree with the definition of the term
 quasipolynomial given, for example, in 4.4 of 25 .
It is obvious from this definition that simple quasipolynomial functions
of cumulative degree d are also quasipolynomial functions of degree d.
LEMMA 2.17. If f : n  and f : n  are quasipolynomial, of1 2
degrees d and d respectiely, then f  f is quasipolynomial of degree at1 2 1 2
Ž .most max d , d . Also, if d  d , then the degree of f  f is exactly1 2 1 2 1 2
Ž .max d , d .1 2
Proof. Immediate from the definition.
The following lemmas provide a few examples of quasipolynomial func-
tions.
Ž .LEMMA 2.18. If f  is zero for all but finitely many alues of  , then f is
quasipolynomial of degree 0.
Proof. The proof follows immediately from the definition of a simple
quasipolynomial of degree 0.
ŽLEMMA 2.19. A function f :   is quasipolynomial on 1 in other
words, is the sum of simple quasipolynomial functions on  , 1 for arious
. ’s of degree d iff it is eentually polynomial of degree d 1.
Ž .Proof. A simple quasipolynomial function f  on  , 1 is a function
that is zero for   and that agrees for   with a polynomial with
coefficients that are periodic with respect to 1 and therefore are constant.
Such a function is clearly eventually polynomial, as is the sum of such
functions.
For the converse, let f  be the polynomial function that f eventually
agrees with. A polynomial of degree d 1 is simple quasipolynomial of
degree d. The difference between f and f  is then nonzero for only
finitely many values of  and is accounted for by the previous lemma.
Let  , . . . ,  n be the standard basis for n, so that  is the vector1 n i
having a one in the ith coordinate and zeros elsewhere.
Ž .In the following, wherever we write   , for  a , . . . , a and1 n
Ž . Ž . b , . . . , b , we mean that a  b for all i 1, 2, . . . , n1 n i i
LEMMA 2.20. If a function f : n  is quasipolynomial on  , . . . ,  of1 n
n Ž .degree d then there exists   such that f  agrees with a polynomial of
Ždegree d n for all   . Here we take a polynomial of negatie degree to
.be identically zero.
LENGTHS OF TORS 115
Proof. A simple quasipolynomial function on a proper subset of
e , . . . , e is easily seen to be eventually zero, whereas a simple quasipoly-1 n
nomial function on  , . . . ,  agrees eventually with a polynomial with1 n
constant coefficients, as in the previous proof. The sum of such functions
is, therefore, eventually a polynomial, and the statement about the degree
follows from the definition of cumulative degree.
The converse to this theorem is false; for example, if f has non-poly-
nomial behavior on along a line extending parallel to one of the coordinate
axes, then f is not quasipolynomial, even though there may exist an  
Ž .such that if  agrees with a polynomial for all   .
LEMMA 2.21. The product of two quasipolynomial functions in distinct sets
of ariables is quasipolynomial of degree equal to the sum of the degrees of the
two quasipolynomial functions.
Ž . Ž .Proof. Let f x , . . . , x and g y , . . . , y be the two functions. Let1 m 1 n
f f  f , with each f simple quasipolynomial, and with f having1 r i 1
degree equal to the degree of f. Choose g , . . . , g similarly. Then1 s
fg f g ,Ý i j
i , j
so it is clear that fg is quasipolynomial if the product of two simple
quasipolynomial functions is simple quasipolynomial. If, in addition, such
products have degrees equal to the sums of the degrees of their factors,
then the statement about degrees will also be proved, since f g would1 1
then have the correct degree, with all the other products having equal or
lesser degrees. Thus we may assume without loss of generality that f and g
Ž . Ž .are simple quasipolynomial. Write F x , . . . , x and G y , . . . , y for the1 m 1 n
generating functions of f and g, respectively. The generating function of
fg is just FG and, by Lemma 2.12, FG is the generating function of a
simple quasipolynomial function of the correct degree.
Theorem 2.24 will demonstrate that quasipolynomial functions have a
very simple characterization in terms of generating functions. Some pre-
liminary lemmas will be required before the proof of this fact.
Ž . nLEMMA 2.22. Let F x , . . . , x be the generating function of f :   .1 n
Assume
P x , . . . , xŽ .1 n
F x , . . . , x Ž .1 n de  jjŁ 1 xŽ .j1
with  , . . . ,  n ectors that are linearly independent in  n and P a1 d
polynomial. Then f is quasipolynomial of cumulatie degree at most Ýe d .j1 j
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Proof. The function F is the sum of fractions of the form
x
.de  jjŁ 1 xŽ .j1
Each of these is the generating function of a simple quasipolynomial
function of degree d, by Lemma 2.12.
Ž . Ž .LEMMA 2.23. Let F x be a rational function in  x , . . . , x of the1 n
form
P xŽ .
F x  ,Ž . de  jjŁ 1 xŽ .j1
Ž .   nwith P x  k , . . . , k ,   , and d . If the  ’s are linearly1 n j j j
Ž .dependent, then F x can be rewritten in the form
P xŽ .i
F x  ,Ž . Ý de  i , ji , jŁ 1 xŽ .i j1
n  for some   , P  x , . . . , x , and d , e , such that each e isi, j i 1 n i, j i i
strictly less than e.
Proof. Choose a linear dependence relation among the  ’s. By clear-j
ing denominators and renumbering the  ’s if necessary, this relation canj
be written
m   m  m   m  ,1 1 k k k1 k1 e e
where each m is a nonnegative integer. Write  for the element of nk
k Ž .that both sides of this equation are equal to. Let d 1Ý d  1 ,j1 j
e Ž .and let d 1Ý d  1 . Sincejk1 j
1 x m j j  1 x j 1 x j  x 2 j  x Žm j1 . j ,Ž . Ž . Ž .
F can be rewritten in the form
P xŽ .
,de m  jj jŁ 1 xŽ .j1
with P a new polynomial. Next write
ddP 1 xŽ .
2.1 F x  ,Ž . Ž . dd d e m  jj j1 x Ł 1 xŽ . Ž .j1
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and note that
1 x  1 xÝ i1k Žm i i.  1 x m11 xÝ i2k Žm i i.Ž . Ž .Ž .
 1 x m22 xÝ i3k Žm i i.Ž .
  1 x m k1k1 x m kkŽ .
 1 x m kk ,Ž .
Ž  . Žwhich shows that 1 x is contained in the ideal generated by 1
m1. Ž m k . Ž  .x , . . . , 1 x . Similarly, 1 x is also contained in the ideal gener-
Ž m k1. Ž m e.ated by 1 x , . . . , 1 x . This fact, together with our choice of d
Ž  .ddand d, allows us to rewrite 1 x as the sum of terms each of which
Ž m i.d i Ž m i.d iis contained one of both 1 x for 1 i k and 1 x for
k i e as factors. Finally we are able to write F in the desired form by
Ž .expanding the numerator of Eq. 2.1 , breaking up the fraction into a sum
of fractions, and canceling these factors.
Ž . nTHEOREM 2.24. Let F x , . . . , x be the generating function of f :  1 n
. Then f is quasipolynomial iff F can be written in the form
P xŽ .
F x  .Ž . m je  jŁ 1 xŽ .j1
Proof. If F is in the given form, then we can use repeated applications
of the previous lemma to rewrite F as the sum of terms each of which is in
the form specified in Lemma 2.22. Thus f is the sum of quasipolynomial
functions and must itself be quasipolynomial.
Conversely, if f is quasipolynomial, then f can be written as the sum of
simple quasipolynomial functions. The form of the generating function of
each of these simple quasipolynomial functions is given by Lemma 2.12,
and the sum of such functions can clearly be written in the form required.
THEOREM 2.25. Let f : n be quasipolynomial of degree d. Then
f * a  f a , . . . , aŽ . Ž .Ý 1 n
a  a a1 n
is also quasipolynomial of degree d.
Ž .Proof. If f is quasipolynomial, and F x , . . . , x is its generating1 n
Ž .function, then the generating function of f * is F* x, . . . , x . The fact that
f * is quasipolynomial then follows immediately from Theorem 2.24. It is
also clear from this theorem that the degree of f * is at most d. The only
remaining difficulty is to show that the degree cannot be less than d.
J. BRUCE FIELDS118
There must exist  ,  , . . . ,  such that f restricted to C is1 e  ,  , . . . , 1 e
simple quasipolynomial of cumulative degree d. If not, then we could
cover n by cones in such a way that on each cone f was simple
Ž .quasipolynomial using Theorem 2.13 and had degree less than d. This
would express f as the sum of simple quasipolynomial functions of
cumulative degree less than d, contradicting the fact that f has degree d.
Ž . Ž .Let f  be the restriction of f to C . Then f    f  for all ,  , . . . , 1 en Ž . Ž . , so f * a  f * a for all a. By Theorem 2.15, f * has degree
d; it follows immediately from the definition of simple quasipolynomial
that f * must have degree at least d.
n Ž . Ž .LEMMA 2.26. If f , g :   are quasipolynomial and f   g  for
all n, then deg f deg g.
Proof. The previous theorem allows us to reduce to the case n 1. A
quasipolynomial function of degree 1 is eventually equal to a polynomial
with periodic coefficients, and the result is trivial for such functions.
Our eventual goal is to show that the Hilbert functions of certain
n-graded algebraic objects are quasipolynomial functions. The next theo-
rem will allow us to make arguments that use induction on the degree of
those algebraic objects.
THEOREM 2.27. Let f : n , g : n , and n be such that
Ž . Ž . Ž .f    f   g  . If g is quasipolynomial, then so is f. In addition, if
f : n, so all the alues of f are nonnegatie, then the degree of f is one
greater than that of g.
Proof. Let F and G be the generating functions of f and g, respec-
Ž . Ž . Ž .tively. The relation f    f   g  is equivalent to the relation
Ž  .FG 1 x . It is clear, then, that F is the generating function of a
quasipolynomial function if G is. It remains to show that the degree
increases by one when the values of f are known to be nonnegative.
Let b be the sum of the coordinates of the vector . Then
G*
F* ,b1 x
where F* and G* are the generating functions associated with, respec-
tively, f * and g*. Thus by the previous theorem and by Theorem 2.25 we
can assume without loss of generality that n 1.
It is not hard to see that in the case n 1 a quasipolynomial function g
agrees eventually with a polynomial with periodic coefficients. Such a
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function is eventually bounded below by a function with generating func-
tion of the form
c
,dN1 xŽ .
where c a positive real number and d is the degree of g. Therefore f is
bounded below by a function with generating function
c
,dN b1 x 1 xŽ . Ž .
and it follows that f has degree d 1.
3. n-GRADED ALGEBRAS AND MODULES
The quasipolynomial functions introduced in the previous section are
useful because they occur as the Hilbert functions of certain n-graded
algebraic objects.
THEOREM 3.1. Let S be an n-graded algebra such that S is Artin and S0
is finitely generated as an algebra oer S . Let M be a finitely generated,0
n Ž . -graded S-module of dimension d. Then the Hilbert function f  
Ž .length M is quasipolynomial of degree d.
Proof. The proof will be by induction on d. If d 0 then M has finite
Ž .length, and length M is zero for all but finitely many  , so f is
quasipolynomial of degree 0.
Now assume that d 0 and that the theorem is proved for all smaller d.
Because the sum of quasipolynomial functions is quasipolynomial, we can
take a primary filtration of M and assume without loss of generality that
Ž .M is P-primary for some P Spec S .
We can map an n-graded polynomial ring onto S and work over the
polynomial ring instead of over S. So we may as well assume S is
  Ž . npolynomial; say S S s , . . . , s , with deg s    .0 1 e i i
Since d dim M 0, there must be some s not contained in P;i
otherwise M would have finite length. That s must be a non-zero divisori
on M. This means that the sequence
s Mi
0MM  0
s Mi
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is exact, so
M
length M length M  lengthŽ . Ž .  i ž /ž /s Mi 
f   f    f  .Ž . Ž . Ž .i M s Mi
Since s is a non-zero divisor on M, Ms M has dimension d 1.i i
Therefore, by the induction assumption, Ms M is quasipolynomial ofi
degree d 1, and, by Theorem 2.27, f is quasipolynomial of degree d.M
It should be clear from the proof that if s , . . . , s are generators of S of1 e
degrees  , . . . ,  , then the generating function of the Hilbert function1 e
Ž  i.can be written as a rational function with denominator Ł 1 x .i
A few examples might be helpful.
Ž .1 If M is a finitely generated module over an -graded algebra S
that is generated by elements of degree 1, then the Hilbert function f isM
 4quasipolynomial on 1 and hence is eventually polynomial, as expected.
Ž . 22 If M is a finitely generated module over an  -graded algebra S,
Ž . Ž .and if every algebra-generator of S over S has degree 0, 1 or 1, 0 , then0
Ž . Ž .S is quasipolynomial of degree d dim S on 0, 1 and 1, 0 . By Theorem
Ž .2.20, there exists a  such that, for all   , f  is equal to aS
 polynomial of degree at most d 2. Thus we obtain Theorem 2 of 1 , that
Hilbert functions of bigraded modules are eventually polynomial of degree
Ž .at most dim M  2. More results about these functions can be found in
 26 .
Ž .3 More generally, let M be a finitely generated module over an
n-graded algebra S, and assume every algebra-generator of S over S has0
degree e , where e is the vector in n that is one in the ith position buti i
Ž .zero elsewhere. Again, there is a  such that f  agrees with aM
Ž  polynomial of degree at most d n for all  . See 11 , where it is
also shown that all the highest degree monomials of this polynomial have
.nonnegative coefficients.
Ž .  4 If M S k s , . . . , s , and if the degree of s is  , then the1 e i i
generating function of the Hilbert function f isS
1
 iŁ 1 xŽ .i
and f is quasipolynomial of degree d. Also for the twisted moduleS
Ž . Ž Ž . .M  recall that M  M , the corresponding generating func- 
tion is
x
.
 iŁ 1 xŽ .i
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It is not hard to see that any quasipolynomial function with a generating
function of the form
P xŽ .
 iŁ 1 xŽ .i
Ž .such that P x has nonnegative coefficients can be written as the sum of
such functions. Direct sums of modules have Hilbert functions that are the
sums of the Hilbert functions of the individual modules. In this way, any
quasipolynomial function of this form can be realized as the Hilbert
function of some finitely generated module over such an S. In fact, this
identifies exactly the set of all functions that arise as the Hilbert functions
of n-graded modules.
THEOREM 3.2. Let S be an n-graded, finitely generated, algebra oer a
local ring R with maximal ideal m, and let T be an n-graded, finitely
generated, S-algebra. Assume that S  T  R. Let N and M be finitely-0 0
generated n-graded modules oer T and S, respectiely, with NM, and
suppose that for eery element of N there is a power of m multiplying that
ŽŽ . .element into M. Then f :  length NM is quasipolynomial ofNM 
Ž Ž ..degree at most dim T Ann N .T
Proof. We can filter NM by NTM and TMM. The quotient NTM
is a T-module, not just an S-module. Also, NTM is a finitely generated
ŽT-module, and since every element of N is multiplied into M and hence
. ninto TM by a power of m, it follows that there exists an n such that m
kills every element of NTM. Therefore NTM can be thought of as a
module over TmnT. This module now satisfies the conditions of the
previous theorem, so the Hilbert function of NTM is quasipolynomial.
Since Ann NTMAnn N, this function is in addition quasipolynomialT T
of degree at most dim N.
It remains only to show that TMM has a quasipolynomial Hilbert
function of degree at most dim N. So assume N TM. Suppose that T is
 generated over S by r generators, so T S t , . . . , t . Suppose that r is at1 r
least 2, and that the theorem has already been proved for smaller values of
   r. Apply the theorem with S t replacing S and S t M replacing M, and1 1
with T and N as before. It is clear that the hypotheses of the theorem are
 still satisfied, and T is generated over S t M by r 1 elements, so by1
 assumption the Hilbert function of NS t M is quasipolynomial. Simi-1
 larly, apply the theorem with S and M as before, but T replaced by S t1
   and N by S t M, and the conclusion is that S t MM also has a1 1
quasipolynomial Hilbert function. The Hilbert function of NM is the
   sum of the Hilbert functions of NS t M and S t MM, and sum of two1 1
quasipolynomial functions is quasipolynomial, so the result follows by
induction if only we can deal with the case r 1.
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  Ž .So assume N S t M where t t . Construct the S-module1
 i1 it M t M tMM
N . i i1t M t M tMMi0
This module has the same Hilbert series as NM; to see this, note that
the quotient modules that we are summing are just successive quotients of
modules in the filtration
M tMM t 2M tMM

  
  ,
M M M
and note that
 i i1t M t M M N
 , M Mi0
 thanks to our assumption that N TM S t M.
Ž i . Ž i1 .Note also that t t M M 
 t M M , so multiplication
by t induces a well-defined surjection
t iM M t i1M  M
 ,i1 it M M t M M
and this in turn induces a well-defined map N iN. Thus multiplication
by t makes sense on N, making N a T-module as well as an S-module.
Let m , . . . , m be a set of generators for M as a module over S. Write1 k
tm , . . . , tm for the images of these generators in tMM. An arbitrary1 k
element of
t i1M t iM tMM
i i1t M t M tMM
ican be written t Ý s tm , with s  S. An arbitrary element of N can bej j j j
written as a finite sum of such elements, so it follows that N is generated
over T by m , . . . , m , and hence that N is finitely generated over T.1 k
Any element of N is killed by a power of m because N is a direct sum
of subquotients of NM, which has the property that any element is killed
by a power of m. Since N is a T-module, it must also be the case that any
element of N is killed by a power of mT. Because N is finitely
generated, it follows that N is killed by some fixed power of mT and
Ž . jhence is a finitely generated module over T mT for some j. The fact
that N, and hence NM, has a quasipolynomial Hilbert function follows
now from the previous theorem. Note also that Ann NAnn N, soT T
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dim N dim N, and NM has a quasipolynomial Hilbert function of
degree at most dim N.
Ž a1 a2 .4. RESULTS ABOUT Tor RI , RI FOR k 2k 1 2
Now we apply the results of the previous section to the problem of
describing the functions
f a , . . . , a  length Tor M I a1 M , . . . , M I an MŽ . Ž .Ž .k 1 n k 1 1 1 n n n
in the case n 2, M M  R, k 2.1 2
Let I be any ideal of a ring R, and let M be an R-module. The short
exact sequence 0 I R RI 0 gives rise to a long exact sequence
4.1Ž .
  Tor I , M  0  Tor RI , M Ž . Ž .k k
 Tor I , M  0  Tor RI , M  Ž . Ž .k1 k1
  Tor I , M  M  MIM  0,Ž .0
Ž . Ž .which yields an isomorphism Tor RI, M  Tor I, M for i 2 andk k1
Ž . Ž .an injection Tor RI, M  Tor I, M .1 0
Ž . Ž .If I and I are two ideals of R, then Tor RI , RI  Tor I , I1 2 k 1 2 k2 1 2
for k 3, by two applications of the above isomorphisms. Since direct
sums commute with Tor, there is also an isomorphism
Tor R RI a1 , RI a2  Tor R I a1 , I a2Ž .  k 1 2 k2 1 2ž /
a , a 0 a 0 a 01 2 1 2
for k 3. Let t and t be indeterminates; then we can replace  I ai1 2 a  0 ii  ai aiby the algebra R I t  I t . This allows us to impose the struc-i a  0 ii RŽ a1 a2 .ture of an algebra on  Tor RI , RI .a , a  0 k 1 21 2
 LEMMA 4.1. Let I and I be ideals of a ring R. Let S  R I, t 1 2 i i
 I ai t ai. Then the R-modulesa  0 i ii
Tor R RI a1 , RI a2Ž . k 1 2
a , a 01 2
can be gien the structure of 2-graded, finitely generated S  S -modules,1 R 2
for k 2.
Proof. For k 2, we know that this direct sum is isomorphic to
R Ž .  Tor S , S . Let r , . . . , r generate I . Let T  R x , . . . , xk2 1 2 i, 1 i, m i 1 1, 1 1, mi 1
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 and T  R x , . . . , x be polynomial rings, and map T onto S by2 2, 1 2, m i i2
mapping x onto r t . This makes S into a T -module. Choose ai, j i, j i i i
resolution of S by finitely generated projective T -modules,i i
  P  P  S .i , 1 i , 0 i
Since T is a free R-module, this resolution is also a resolution for S overi i
RŽ .R. Therefore Tor S , S is the homology of the total complexk 1 2
  P  P  P  P  P  P  0.1, 1 R 2, 0 1, 0 R 2, 1 1, 0 R 1, 0
The R-modules in this complex are easily seen to also be finitely generated
T  T -modules, and the maps T  T -maps. Therefore the homology1 R 2 1 2
RŽ .modules Tor S , S are also finitely generated modules over T  T . Ink 1 2 1 2
addition, note that these modules must be killed by the kernels of the
RŽ .maps T  S ; thus, each Tor S , S is also a finitely generated S  S -i i k 1 2 1 2
module.
For k 2, apply direct sums to the end of the long exact sequence of
Ž .Eq. 4.1 above to get
R a1 a2    0 Tor RI , RI  R I t  R I tŽ . 2 1 2 1 1 R 2 2
a , a 01 2
    R I t  R t .1 1 R 2
       The map R I t  R I t  R I t  R t is clearly a map of S 1 2 R 2 2 1 1 R 2 1 R
S -modules, so the kernel is an S  S -module.2 1 R 2
Ž .THEOREM 4.2. Let I and I be ideals of a local ring R, m of dimension1 2
d such that I  I is m-primary. Then for k 2 the function1 2
f a , a  length Tor RI a1 , RI a2Ž . Ž .Ž .k 1 2 k 1 2
is quasipolynomial of degree at most 2 d.
Ž a1 a2 . ŽProof. Fix k 2. Then  Tor RI , RI is isomorphic to or,a , a k 1 21 2
. Ž .in the case of k 2, is at least a submodule of Tor S , S . Sincek2 1 2
I  I is m-primary, I a1  I a2 is also m-primary, so some power of m is1 2 1 2
a1 a2 Ž a1 a2 .contained in I  I and some power of m kills Tor RI , RI .1 2 k 1 2
Ž .Therefore every graded piece of Tor S , S is killed by a power of m.k2 1 2
Ž .By the previous lemma, Tor S , S is a finitely generated S  S -k2 1 2 1 2
Ž .module. It follows that every element of Tor S , S is also killed by ak2 1 2
Ž . NŽ .power of m S  S and, in fact, that a fixed power m S  S kills1 2 1 2
Ž .every element of the module. Therefore Tor S , S is actually ak2 1 2
Ž N . Ž .module over Rm  S  S .R 1 2
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Ž a1 a2 .Thus the module Tor RI , RI is isomorphic, by an isomor-a , a k 1 21 2
phism that preserves the grading, to a finitely generated, bigraded module
Ž N . Ž .over Rm  S  S . This makes f the Hilbert function of aR 1 2 k
Ž N . Žfinitely generated bigraded module over the bigraded ring Rm  SR 1
. S . By Theorem 3.1 this Hilbert function is quasipolynomial of degree2
equal to the dimension of the ring. So it remains only to calculate the
Ž N . Ž . Ž .dimension of Rm  S  S . The ideal m S  S is nilpotent, soR 1 2 1 2
Ž . Ž .the ring Rm  S  S has the same dimension, andR 1 2
Rm  S  S  Rm  S  Rm  S .Ž . Ž . Ž . Ž .Ž . Ž .R 1 2 R 1 Rm R 2
Ž . Ž .  The dimension of Rm  S  Rm  R I t is the analytic spreadR i R i
of I , which is at most d. The claimed result follows.i
Ž .The module Tor S , S whose Hilbert function we calculate in thek 1 2
above proof is a module over an algebra all of whose multidegrees are
Ž . Ž .either 0, 1 or 1, 0 . By the second example of the previous section, such a
function is eventually polynomial of degree at most 2 less than the
dimension of the module. Therefore
Ž .COROLLARY 4.3. Let I and I be ideals of a local ring R, m such that1 2
Ž . 2I  I is m-primary. Then there exists a b , b  such that, for k 21 2 1 2
Ž . Ž .and a , a  b , b , the function1 2 1 2
f a , a  length Tor RI a1 , RI a2Ž . Ž .Ž .k 1 2 k 1 2
is polynomial of degree at most 2 d 2.
Note that it is possible that the Tor modules could have dimension less
than the sums of the analytic spreads of the two ideals; for example, if I1
and I are generated by disjoint parts of a system of parameters, then the2
higher Tor’s are all zero. However, I know of no examples showing that
nonzero polynomials of smaller degree may occur.
Ž a1 a2 .5. Tor RI , RI1 1 2
The next goal is to establish some results about the functions f and f .1 0
As far as we know, the following may be true.
Ž .CONJECTURE 5.1. Let I and I be ideals of a local ring R, m such that1 2
I  I is m-primary. Then the function1 2
f a , a  length Tor RI a1 , RI a2Ž . Ž .Ž .1 1 2 1 1 2
is quasipolynomial of degree at most dim R 2.
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However, all we know now is this:
Ž .THEOREM 5.2. Let I and I be ideals of a local ring R, m such that1 2
I  I is m-primary, and such that the R-algebra1 2
a1 a2 a1 a2  T I 	 I x x 
 R x , xŽ . 1 2 1 2 1 2
a , a1 2
is finitely generated as an algebra oer R. Then the function
f a , a  length Tor RI a1 , RI a2Ž . Ž .Ž .1 2 1 1 2
is quasipolynomial of degree at most dim R 2.
Proof. Let T be the doubly graded R-algebra described above. By
assumption it is finitely generated. Let S be the doubly graded R algebra
  a1 a2 a1 a2S R I x , I x  I I x x .1 1 2 2 1 2 1 2
a , a1 2
Since S
 T , T is also an S-algebra. Now observe that
I a1 	 I a21 2 a a1 2TS x x 1 2a a1 2I Ia , a 1 21 2
RŽ a1 a2 . Ž a1 a2 . a1 a2and recall that Tor RI , RI  I 	 I I I . Apply Theorem1 1 2 1 2 1 2
3.2, with N T , M S, and the conclusion follows; all that remains is to
calculate the upper bound on the dimension of R.
Ž a1 a2 . a1 a2Let M
 T be the ideal generated by m and by I 	 I x x , for all1 2 1 2
a , a satisfying a  a  1. Clearly M is maximal, with TM Rm.1 2 1 2
Also, dim T height M. Let P be a minimal prime such that dim TP
dim T , and let p P	 R. Apply the dimension formula to get
dim T 0 height M tr. deg TMTRm R
 height m Rp  tr. deg TŽ .Ž .R R p
 dim R 2
Ž . Ž .DEFINITION 5.3. Given a pair I , I of ideals of the local ring R, m ,1 2
Ž a1 a2 . a1 a2call the algebra  I 	 I x x the intersection algebra of I anda , a 1 2 1 2 11 2
I . If this algebra is finitely generated over R, we will say that I and I2 1 2
have finite intersection algebra.
The previous theorem can now be restated as follows.
Ž .COROLLARY 5.4. If I and I , ideals of the local ring R, m , hae finite1 2
intersection algebra, then the function
f a , a  length Tor RI a1 , RI a2Ž . Ž .Ž .1 2 1 1 2
is quasipolynomial of degree at most dim R 2.
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Ž .Note that there are examples of ideals I , I in local rings R, m that1 2
do not have finite intersection algebras. Such examples can be constructed
from examples existing in the literature of non-finitely generated symbolic
Ž  power algebras. See 9, 20, 21 .
In particular, given an ideal P
 R such that the algebra
R P Ž1. P Ž2. 
is not finitely generated, it is possible to find a f R such that the ideals
Ž .f and P do not have finite intersection algebra. To do this, choose f so
Ž a a. Ža.that P : f  P , for all a.
LEMMA 5.5. If R regular and P
 R prime, then there exists f R such
Ž a a. Ža.that P : f  P for all a.
Proof. Since R is a regular local ring, so is R . The associated gradedP
Ž .ring of a regular local ring is a polynomial ring, so, in particular, gr RPR PP
Ž .1 Ž . R P gr R is a domain. Let I be the kernel of the natural mapP
Ž . Ž .1 Ž . Ž .1gr R  R P gr R . Then R P I 0, and, since I is finitelyP P
Žgenerated, there exists f R P such that fI 0. We are implicitly
Ž .identifying elements in R with their images in gr R via the natural mapP
Ž . . n1 nR RP
 gr R . This means that fg P for any element g of PP
which can be multiplied into P n1 by an element of R P. More
generally, any element g P n which can be multiplied into P nm by an
m nmelement of R P satisfies f g P . The result follows.
LEMMA 5.6. If f and P are chosen as suggested aboe, then the intersec-
Ž a1 Ž a2 .. a1 a2tion algebra  P 	 f x x is not finitely generated.a , a  0 1 21 2
Proof. We will prove the contrapositive. Assume that the intersection
Ž a1 a2 . a2 a1 Ž a2 .algebra is finitely generated. Note that P : f f  P 	 f , so the
Ž a1 a2 . a1Ž .a2algebra can be rewritten as  P : f x x f . Map this to the1 2
symbolic power algebra  P Ža.x a by mapping tf to 1. This is an ungradeda
ring homomorphism. So the symbolic power is finitely generated, since it
can be written as a homomorphic image of the intersection algebra, which
we assumed to be finitely generated.
The examples in the papers cited above give rise in this way to a number
of quite concrete examples of pairs of ideals with non-finite intersection
algebras. Studying the functions f that arise in such examples would be1
an interesting subject for further research.
Ž a1 a2 .6. Tor RI , RI0 1 2
Ž .Throughout this section, R, m is a regular local ring of dimension d.
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Let I and I be ideals of R such that I  I is m-primary, and let1 2 1 2
Ž .f a , a be the Euler characteristic 1 2
ka a R a a1 2 1 2f a , a   RI , RI  1 length Tor RI , RI .Ž . Ž .Ž . Ž .Ž .Ý 1 2 1 2 k 1 2
k
This sum is well defined because the Tor’s are all zero for k dim R,
and because the condition that I  I be m-primary forces all of the1 2
ŽTor ’s to have finite length. The function  is biadditive so, for example,k
Ž . Ž . Ž .. MN, P   M, P   N, P because each of the Tor ’s are. Also,k
Ž . Ž . Ž . M, N is zero whenever M and N are such that dim M  dim N  d
Ž  . Ž . a1see 8, 19 . And if length MN  , as is the case when M RI
a2 Ž . Ž . Ž  .and N RI , then dim M  dim N  d see 23 .
Ž .THEOREM 6.1. For large a and a , f a , a is either identically zero or1 2  1 2
is eentually a polynomial of degree d.
Proof. Fix a and a and let P , . . . , P be the primes associated to1 2 u, 1 u, su
I au. For u 1 and u 2, choose filtrations of RI au by prime cyclicu u
modules, and let p be the number of times that RP occurs in theu, i u, i
corresponding filtration. Then by biadditivity,
 RI a1 , RI a2  p p  RP RP .Ž . Ž .Ý1 2 1, i 2, j 1, i 2, j
is , js1 2
Assume that the P ’s are ordered so that P , . . . , P  have the leastu, i u, 1 u, su
height of any of the P ’s, and let e be this minimal height. Since eachu, i u
P contains I au, we know that P  P is m-primary for any i and j.u,i u 1, i 2, j
Therefore e  e  d. This means that if i  s or j  s then1 2 1 2
Ž . Ž . Ž .height P  height P  e  e  d, so  RP RP  0.1, i 2, j 1 2 1, i 2, j
Therefore
R R R R
 ,  p p  , .Ý 1, i 2, ja a1 2ž / ž / I I P P1 2 1, i 2, jis , js1 2
Note that p is independent of the choice of filtration; in fact, p is justu, i u, i
the length of R I au R . Also, the ideals P , . . . , P  are also theP u P u, 1 u, su, i u, i u
associated primes of minimal height of any power of I . So, for any a andu 1
a ,2
R R
f a , a   ,Ž . 1 2 a a1 2ž /I I1 2
RR R RPP 2 , j1 , i length length  , .Ý a a1 2 ž /ž / ž /  I R I R P P1 P 2 P 1, i 2, jis , js 1 , i 2 , j1 2
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Since I is primary to the maximal ideal of R , the functionsu Pu , i
RPu , ia  lengthu auž /I Ru Pu , i
as just Hilbert functions and are eventually polynomial of degree e .u
Ž .Therefore, the function f a , a is polynomial of degree d for sufficiently 1 2
large a and a , if e  e  d, and is identically zero if e  e  d, since1 1 1 2 1 2
Ž .in that case all of the  RP , RP ’s are zero.1, i 2, j
We can also describe f as follows.
Ž .THEOREM 6.2. f a , a is either identically zero or quasipolynomial of 1 2
degree d 2.
Ž .Proof. By the proof of the previous theorem, f a , a is the sum of 1 2
Ž . Ž .terms of the form cg a g a , where g and g are eventually polyno-1 1 2 2 1 2
mial and c is a nonnegative integer. By Lemma 2.17, the sum of quasipoly-
nomial functions is quasipolynomial of degree equal to the maximum of
the degrees of the summands. So it suffices to show that each such
summand is either identically zero or is quasipolynomial of degree d 2.
By Lemma 2.19, g and g are each quasipolynomial of degree e  1 and1 2 1
Ž .e  1 where e and e are as in the proof of the previous theorem . So2 1 2
Ž . Ž .Lemma 2.21 says that cg a g a is a quasipolynomial function of a1 1 2 2 1
and a of degree e  e  2 d 2, as long as c is nonzero.2 1 2
THEOREM 6.3. If I and I hae finite intersection algebra, then the1 2
function
R
f a , a  lengthŽ .0 1 2 a a1 2ž /I  I1 2
is quasipolynomial of degree dim R 2.
Proof. By the previous theorems, we already know that f is quasipoly-i
nomial for i 0, and we know that the alternating sum  f  f  f0 1 2
  is quasipolynomial. Since f   f  f   , and since the f ’s0 1 2 i
are eventually zero, this expresses f as a finite sum of quasipolynomial0
functions. Thus f is quasipolynomial. It remains to calculate the degree,0
but this is done in the following lemma.
LEMMA 6.4. If the function
R
f a , a  lengthŽ .0 1 2 a a1 2ž /I  I1 2
is quasipolynomial, then its degree is dim R 2.
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Proof. Both I and I are contained in m, so I a1  I a2 
mminŽa1, a2 ..1 2 1 2
Therefore f is bounded below by, for example, the function given by0
length RmŽa1a 2 .3 if 12 a a  2Ž . 1 2f a , a Ž .1 2 ½ 0 otherwise.
Ž a1.Since length Rm is eventually polynomial of degree d, this function is
quasipolynomial of degree d 2. So f is bounded below by a quasipoly-0
nomial function of degree d 2.
Since I  I is m-primary, there exists N such that mN 
 I  I . It1 2 1 2
follows that mNŽa1a 2 .
 I a1  I a2 , so1 2
f a , a  length RmNŽa1a 2 . .Ž . Ž .0 1 2
Ž .Therefore f a , a can also be bounded above by a polynomial of degree0 1 2
d, and hence by a quasipolynomial function of degree d 2.
The result now follows from Lemma 2.26.
7. MONOMIAL IDEALS
 Let K be a field, let R K x , . . . , x , and let I , . . . , I be ideals of1 d 1 n
R generated by monomials.
Ž .d dThe monomials of R correspond to elements of  
 , under a 0
map ‘‘log’’ which takes a monomial x to the integer vector  determined
by its exponents. Similarly, monomial ideals correspond to subsets of  d;
write log I for the discrete subset of  d corresponding to the exponents of
the monomials contained in I.
 THEOREM 7.1. If I , . . . , I are monomial ideals in R K x , . . . , x1 n 1 d
Ž .satisfying I  I  x , . . . , x , then' 1 n 1 n
R
f a , . . . , a  lengthŽ .0 1 n a a1 nž /I  I1 n
is quasipolynomial of degree d n.
Ž . Ž .Proof. The length f a , . . . , a is equal to the cardinality of log R 0 1 n
Ž a1 an. Nlog I   I . Pick N such that m 
 I   I . Given1 n 1 n
Ž . na , . . . , a   , note that1 n
7.1 mNŽa1 an.
 I a1  I an .Ž . 1 n
Ž . Ž .Write  A to mean the cardinality of a set A. The function a , . . . , a1 n
Ž . Ž NŽa1 an...log R  log m is clearly quasipolynomial, so it suffices to
show that the function
7.2 a , . . . , a  log I a1  I an  log mNŽa1 an.Ž . Ž . Ž .Ž .Ž .1 n 1 n
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Ž  i, 1  i, k .iis quasipolynomial. Let x , . . . , x be a set of generators for I . Thei
Ž a1 an. Ž NŽa1 an.. Ž Ž ..set S  log I  I  log m where  a , . . . , a 1 n 1 n
Ž .can be defined as the set of all  g , . . . , g satisfying the -linear1 d
inequalities;
  d Ý i , j i , j
i , j
d  l aÝ 1, j 1 1
j
...
d  l aÝ n , j n n
j
l  1Ý i
i
g  N a  aŽ .Ý i 1 n
i
for some l , d .i i, j
The next-to-last equation is equivalent to the requirement that l  1i
for a single i, and that l  0 for all i i. Together with the previous ni
equations, this implies that Ý d  a for some i, and that d  0 forj i, j i i, j
any i i. The first equation then degenerates to the statement that there
exists an i such that Ý d  for some d with Ý d  a .i, j i, j i, j i, j j i, j i
This in turn is true iff x I ai for some i. A monomial x is contained ini
a sum of monomial ideals iff it is contained in one of the ideals, so we see
that  satisfies all but the last of the equations above iff x I a11
 I an. Finally, the last equation imposes the requirement that x notn
be contained in mNŽa1, . . . , an..
Ž . dWe can introduce auxiliary variables  e , . . . , e  and f1 d
and rewrite these inequalities as equalities:
  d    0Ý i , j i , j
i , j
l a  d  0Ý1 1 1, j
j
...
l a  d  0Ýn n n , j
j
1 l  0Ý i
i
 Na  g  f 1  0.Ý Ýi i
i i
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A solution to these equations is an element of 2 nÝ i k i2 d1 of the form
a , . . . , a , I , . . . , l , d , . . . , d , e , . . . , e , f , g , . . . , g .Ž .1 n 1 n 1, 1 n , k 1 d 1 dn
Let T
2 nÝ i k i2 d1 be the set of all such solutions. For brevity’s sake,
Ž .we will write  , ,  ,  , f ,  for a typical element of T.
ŽBy a fundamental theorem of integer programming see, e.g., Section I.3
 .of 24 , T is a finitely generated monoid, and the monoid algebra A
  nK T is Noetherian. Make A an  -graded algebra by giving the element
Ž . , ,  ,  , f ,  degree  . Form the ideal I generated by all elements
Ž . Ž . , ,  ,  , f ,    , ,  ,  , f ,   satisfying    and   .
This ideal is homogeneous, so the algebra AI is also n-graded. Given a
degree  d, the degree- part of AI has a K-basis consisting of
Ž .elements of the form  , ,  ,  , f ,   I satisfying   . Such a K-basis
can be put in one-to-one correspondence with the elements of S , with
Ž . ,,  ,  , f ,   I mapping to  S . Therefore the function f is the 0
Hilbert function of AI and is quasipolynomial by Theorem 3.1. The
degree bound follows by the same argument used in Lemma 6.4.
In the case n 2, where there are only two ideals I and I , we know1 2
already that the functions f and f for k 2 are quasipolynomial. k
 COROLLARY 7.2. If I , I are monomial ideals in R K x , . . . , x ,1 2 1 d
then
R R
f a , a  length Tor ,Ž .k 1 2 k a a1 2ž /ž /I I1 2
is a quasipolynomial function for all k 0.
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